In this paper, a necessary ring-theoretical criterion is given for a finite-rank torsion-free abelian group to have the cancellation property. This generalizes results obtained by L. Fuchs and F. Loonstra [5] for the rank-one case and resolves the cancellation problem for strongly indecomposable groups.
Warfield [9] : An abelian group G has the substitution property if and only if 1 is in the stable range of E(G), the endomorphism ring of G.
With these results, it is easy to settle the cancellation problem in the strongly indecomposable case.
Theorem B. Let G be a strongly indecomposable torsion-free abelian group of finite rank. Then the following are equivalent:
(1) G has the cancellation property.
(2) Either G = Z, or, for each n G Z \ {0}, every unit of E(G)/nE(G) lifts to a unit ofE(G).
(3) Either G = Z, or 1 is in the stable range ofE(G).
(4) Either G = Z, or G has the substitution property.
Theorem B will be generalized substantially in a subsequent paper. In view of Theorem A, this amounts to resolving a ring-theoretical problem: Let R be a ring with finite-rank torsion-free additive group. Suppose that, for each n G Z\{0}, every unit of R/nR lifts to a unit of R. Does R have 1 in the stable range? In the general case, more complicated techniques from ring theory and algebraic number theory are required than for the proof of Theorem B.
Proof of the theorems. The terminology is as in L. Fuchs [2, 3] and D. M. Arnold [1] . Unless otherwise specified, tensor products are taken with respect to Z. The set of all primes of Z is denoted by ir. If p G tt, define Z = localization of Z with respect to p, Z* = ring of p-adic integers, K = field of p-adic numbers.
For a torsion-free abelian group G of finite rank, set Gp = Zp ® G, Gp= p-adic completion of G.
Finally, if P is a subset of tt, write P = v\P, Z(P) = (p'k:p ef,telï), a subgroup of Q,
The proof of Theorem A is based on a lemma established by L. Fuchs and F. Loonstra [5] in deriving cancellation criteria for subgroups of Q. Lemma 1. Let G be a torsion-free abelian group satisfying the cancellation property. Assume that there exists a torsion-free abelian group A such that:
(2) For each n G Z \ {0}, there is an epimorphism ß: A -* G/nG.
(3) Hom(G, A) = Hom(^, G) = 0. Then for each n G Z\ {0}, every unit of E(G)/nE(G) lifts to unit of E(G). Remark 1. In [4] , L. Fuchs states this theorem without imposing any requirements on E(G); but his proof refers to a lemma which is incorrect. A corrected version is given by D. M. Arnold [1, p. 94, Lemma 8.10 ]. Although he only deals with the finite-rank case, his arguments hold for arbitrary torsion-free groups, under the convention that a unit is a two-sided unit.
Remark 2. If G is of finite rank and contains no free summands, then a group A, complying with (1) . These examples will be modified to guarantee that Hom(^4, G) = 0.
Lemma 2. Let t G A, t > 2, and let P be a finite set of primes. For each p g P, let a2(p),.. .,a,(p) be arbitrary units of Z*, algebraically independent over Q. Then there is a torsion-free abelian group A, depending on these p-adic integers, which satisfies the following properties:
(2) For each e G N,
(3) If B is a subgroup of A with rank B < t -1, then B is free.
Proof. Each a-(p) can be written as (1) Let <i> g E(A). For all p G P, the extension of <j> to an endomorphism of Ap acts like multiplication by a number belonging to Zp. Hence <i> itself is a multiplication by some c g Z(P). Since Ap = Fp forp g P, it follows that c G Z(P) D Z(P) = Z. Therefore, E(A) = Z.
(2) For p g P, we have A/peA = Ap/peAp = Fp/p'Tp = (Z/peZ)'. If p g P, the group A /F is generated by the elements z(p, e) + F , e g A, with the relations pz(p, e+\) + Fp = z(p,e) + Fp. Let T = A/F so that Tp = (A/F)p = Ap/Fp = Z(pco) and T = ®pePZ(px).
By a well-known theorem on p-ranks, D. M. Arnold Theorem. Lei G be a torsion-free abelian group of finite rank, say rank G = / -1, and assume that G contains neither a free nor a divisible summand. Then there exists a torsion-free group A with rank A = t satisfying:
(\)E(A)=Z.
(2) For each n g Z \ {0}, there is an epimorphism ß: A -* G/nG.
(3) Each subgroup of A of rank < t -1 is free.
(4) Hom(G, A) = Hom(A, G) = 0.
Proof. For a set P of primes, let D(P) denote the p-divisible part of G, i.e. D(P) = (g g G: pe|g for all p g 5, e g A). The first goal is to find finitely many primes px,...,pm, associated with sets P0 = 0, Pj = {p^.Pm -{Pi,---,p",}, and groups R(px),...,R(pm), such that the following conditions hold:
(1') For all k g (1;...; m}, R(pk) isp^-local, reduced and with rank > 1.
(2')IfO< k<m-l, Z(Pk + x) ® D(Pk) = R(Pk + x) © [Z(Pk + x) ® .D(5, + 1)].
(3')£>(5m) = 0. The construction is by induction. To begin with, set P0 = 0 and D(P0) = G. Now assume that px,... ,pk, as well as the corresponding groups R(px),.. .,R(pk) have been found. If D(Pk) = 0, we are done. Otherwise, there is a prime pk + x £ Pk such that D(Pk) is not divisible by pk + x, since G contains no divisible subgroup. With Pk+X = Pk.U {pk + x), the group D(Pk + x) induces a decomposition Z(5A + 1)® Z)(5A.) = R(Pk + x) © [Zi?^,) ® Z)(5A + 1)] where R(pk + 1) is pA + 1-local, reduced, and of rank ^ 1. Since the group G has finite rank and rank D(Pk + x) < rank D(Pk) for all k, there exists an m g N such that D(Pm) = 0.
Construct A according to Lemma 3, with respect to the groups R(pk), k g [l;...; m}. The assertions (1) and (3) hold by Lemma 2. Assertion (2) is an immediate consequence, since G/peG is isomorphic to a subgroup of (Z/peZ)'~1. Furthermore, Lemma 2 shows that Hom(G, A) = 0: G has no free summands, and rank G = t -1. On the other hand, if <p: A ~* G is a homomorphism, then by the construction of A, A* <z[Z(Px) ® D(PX)]C\ G = D(PX). Induction yields A* ç D(Pk), k = l,...,m. SoA* = 0, as desired.
Proof of Theorem A. Since the cancellation property is preserved by direct summands, it is valid for C. The group C can be expressed as a direct sum of a divisible group D and a reduced group H: C = D © H. The group H has cancellation and satisfies the hypothesis of the above theorem. Lemma 1 implies that for each n g Z\ {0}, every unit of E(H)/nE(H) lifts to a unit of E(H), and a routine calculation shows that this lifting property extends to E(C).
Proof of Theorem B. By Theorem A and the introductory remarks, it only needs to be shown that (2) 
